
 

MATH 2028 Proof of change of Variables Theorem

GOAL Give a proof of f
Change of Variables Theorem

et G A B be a diffeomorphism between

bounded
two open subsets A B E B with measure zero

boundary For any Cts f B IR we have

f f du f fog det Dg dV Ct

B A

Proof we will divide the proof into several steps

Steph n Suppose 9 U V h V w are

fiboth G and h then also holds for h o G

ffdV foh det Dh I dV
W

fo hog det Dh og l l det Dg Idv



Chain Rule
fu fo hog det DChog I du

Dhog Dhog Dg

Step 2 Suppose V X E A I nbd U E A containing

fan
with Cpt Spt f E V THEN EX holds for g

This is the step we need to use the partition of

unity Let Ui and Ui g Ui be the open sets

in the assumption of Step 2 Note that

A U Ui and B U Vi
i e I i c I

choose a partition of unity Ya Iaea with apt

support w.r.to the open cover Vi c z of B Then

Tx 9 ed is a partition of unity with apt

support w rt the open cover f Uiliez of A

Exercise Check this f



To check that C holds for g let f B IR

be a cts function We proved in 28 that

f f du E
B neg

f du

For each 2 c A I i e I s t spt G E Vi

Thus f g f du J ya f du
B Vi

By our hypothesis

Ya f du L G f o g l det Dg I du

Spt Evi spt E Ui

f Ya f du Gog fog Idet Dg I du

B A

Summing over X G A on both sides we used the

theorem in L8 again to conclude that

f du fa fog l det Dg I du



Step3 GX holds if g is a diffeomorphism of

the special form

g Xi Xn G LX Xn 8mi Xi Xn Xn

We will argue by induction on n

n 1 is trivial as G id

Suppose CX holds in dimension n 1

Let X E A and Y g x EB Choose any

rectangle Q E B s t y E int Q and denote

P g Q E A s t X E int P Since g fixes

the last coordinate Xn we have

xn t A
g

B

sP Q



By Step 2 it suffices to show that GX holds

for cts f int Q B with Cpt spt f E int Q

For each te B let Pe P n f xn t and

Qt Q n un t Note that

5 8 1 Pt Qt is a diffeomorphism in B

Reason G is clearly bijective and C

29
27

Dg D8
zsn FEDS det Dg to

0 O 1 THEN InverceFunctionTheorem

By induction hypothesis and Fubini's Thin

f du dfa f dx dxne dt

Cfo g I detD gl dx din i dt

fog l det Dg I du



Finally combining Step 1 and Step 3 together

with the following

FACT For any a C A I nbd U E A of a St

G u
aan be decomposed into a composition of

diffeomorphisms of the special form as in Step 3

We are done proving the Change of
Variables

Theorem D


